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Problem Formulation

Problem studied: hypothesis testing

Assumptions:

• Gaussian sequence model (true distribution of the data);
• Known covariance matrix 𝐈𝐈𝑑𝑑, mean vector 𝜇𝜇 ∈ K; (prior constraints)

Authentic samples �𝐗𝐗 ≔ �X1 , … , �XN  i.i.d. from Gaussian 𝒩𝒩 𝜇𝜇, 𝐈𝐈𝐝𝐝

𝐻𝐻0:𝜇𝜇 = 𝟎𝟎;
𝐻𝐻1: ‖‖𝜇𝜇 2 ≥ 𝜌𝜌, 𝜇𝜇 ∈ 𝐾𝐾.

𝐾𝐾

𝜌𝜌

𝜇𝜇
�𝐗𝐗

ℝ𝕕𝕕
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Problem Formulation

Problem studied: hypothesis testing

Additional Assumptions:

• Strong contamination adversary 𝒞𝒞 (robustness)
• Powerful but limited contamination fraction ϵ

                    �𝐗𝐗 (unobserved)              𝐗𝐗 ≔ 𝒞𝒞 �𝐗𝐗  (observed)

𝐻𝐻0:𝜇𝜇 = 𝟎𝟎;
𝐻𝐻1: ‖‖𝜇𝜇 2 ≥ 𝜌𝜌, 𝜇𝜇 ∈ 𝐾𝐾.

𝐾𝐾

𝜌𝜌

𝜇𝜇
�𝐗𝐗

ℝ𝕕𝕕

𝐗𝐗
𝒞𝒞
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Problem studied: hypothesis testing

• 𝜌𝜌 overly small              large Type II errors
• 𝜌𝜌 overly large               information not fully utilized

Question: what is the exact rate of 𝝆𝝆 ?

Acceptable tests: 𝐴𝐴𝑠𝑠

Exact rate: 𝜌𝜌critical

Problem Formulation

𝐾𝐾

𝜌𝜌

𝜇𝜇
�𝐗𝐗

ℝ𝕕𝕕

𝐗𝐗
𝒞𝒞

worst case of parameter worst case of adversaryoptimize over the worst case



WEINBERG COLLEGE OF ARTS & SCIENCES
DEPARTMENT OF STATISTICS AND DATA SCIENCE

Prospectus Presentation: Minimax Theory of Constrained Hypothesis Testing    May 20, 2026

Literature Review

Information-theoretic aspect

1973, Le Cam. Le Cam’s approach for minimax lower bound.

~1990, Ingster, Suslina, et al. Foundational methodology and rates established 
for paradigm testing problem.

1992, Donoho, et al. Minimax rate established for constrained estimation 
problem

2002, Baraud. Establish the minimax rate of testing under ellipsoid constraints

~2020, Canonne, Narayanan, et al. Minimax rate under robust settings

2024 Neykov, et al. Minimax rate for estimation under star-shaped constraints 
and robust settings
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Computational aspect

2016, Diakonikolas et al. First general computationally efficient framework 
under robust settings for estimation

2023, Canonne, Narayanan, et al. Efficient framework transferred to robust 
testing scenario without constraint

Literature Review
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Overall Motivation

• Under certain geometric constraints, how does the minimax 
lower bound changed?

• Does the matching upper bound still exist?

• Is the algorithm computationally efficient?

𝐾𝐾

𝜌𝜌

𝜇𝜇
�𝐗𝐗

ℝ𝕕𝕕

𝐗𝐗
𝒞𝒞

?

Literature Review
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Main Results

Preliminaries (Quadratically convex orthosymmetric (QCO) set)

ℝ𝕕𝕕

ℓ𝑝𝑝 balls (p ≥ 2)

hyperrectangles
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Preliminaries (Kolmogorov widths)

• For ℓ2 norm approximation, �𝜃𝜃 can be expressed as �𝜃𝜃 = 𝑃𝑃𝑃𝑃, where 𝑃𝑃 
is the projection operator onto 𝑉𝑉𝑘𝑘

Motivation: the minimax risk of 𝑘𝑘-dimensional linear approximations

𝜃𝜃

approximation

error

𝑂𝑂

𝐾𝐾

𝑃𝑃𝑃𝑃

Main Results
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Preliminaries (Optimal dimensions and projections)

First optimal dimensions:

Second optimal dimensions:

The corresponding projections are first/second optimal projections 𝑃𝑃1⋆,𝑃𝑃2⋆

Motivation: interaction between the geometry and the data properties

Main Results
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Preliminaries (Notations)

• 𝑑𝑑: full dimension
• 𝑁𝑁: sample size
• 𝜇𝜇: mean vector
• 𝐾𝐾: geometric constraints of 𝜇𝜇
• 𝛼𝛼: fixed Type I and Type II errors tolerance

• �𝐗𝐗 ≔ �X1 , … , �XN : original, unobserved samples from 𝒩𝒩 𝜇𝜇, 𝐈𝐈𝐝𝐝
• 𝐗𝐗 ≔ {𝑋𝑋1, … ,𝑋𝑋𝑁𝑁}: contaminated samples from 𝒞𝒞 and �𝐗𝐗
• C: index set of the corrupted samples

• 𝐷𝐷𝑘𝑘 𝐾𝐾 : Kolmogorov 𝑘𝑘-width of 𝐾𝐾
• 𝑘𝑘1⋆, 𝑘𝑘2⋆: first/second optimal dimensions
• 𝑃𝑃1⋆,𝑃𝑃2⋆: first/second optimal projections

Main Results
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Important lemma. Let 𝐾𝐾 ⊂ 𝒳𝒳 be a QCO set and c be an arbitrary positive constant. Suppose that 
𝐷𝐷𝑘𝑘−1(K) > 𝑐𝑐𝑐𝑐 for some 𝑘𝑘 ≥ 1. Then there exists a vector 𝜃𝜃 ∈ 𝐾𝐾 such that ‖‖𝜃𝜃 2 = 𝑐𝑐𝑐𝑐 while ‖‖𝜃𝜃 ∞ ≤ 𝑐𝑐

𝑘𝑘
𝜎𝜎.

Motivation:

• The output vector 𝜃𝜃 is “smeared” with non-trivial total energy

• Construction of least favor distribution
𝑂𝑂

𝜃𝜃1(easy)

𝜃𝜃2(hard)

𝐾𝐾

Main Results (First Lower Bounds)



WEINBERG COLLEGE OF ARTS & SCIENCES
DEPARTMENT OF STATISTICS AND DATA SCIENCE

Prospectus Presentation: Minimax Theory of Constrained Hypothesis Testing    May 20, 2026

First lower bound. If 𝜌𝜌 ≤ 𝑐𝑐 𝛼𝛼 𝑘𝑘1⋆ 1/4

N
𝜎𝜎, where 𝑐𝑐 𝛼𝛼  is a constant that only depends on 𝛼𝛼, or 𝑘𝑘1⋆ = 0, then

𝑖𝑖𝑖𝑖𝑓𝑓𝜓𝜓:ℙ𝟘𝟘 𝜓𝜓=1 ≤𝛼𝛼𝑠𝑠𝑠𝑠𝑝𝑝𝜃𝜃∈𝐾𝐾, 𝜃𝜃 ≥𝜌𝜌ℙ𝜃𝜃 𝜓𝜓 = 0 ≥ 𝛼𝛼

High-Level Proof:

• Small 𝜒𝜒2 divergence between ℙ𝟘𝟘
⊗𝑁𝑁 and 𝔼𝔼𝜇𝜇∼γℙ𝜇𝜇

⊗𝑁𝑁 leads to impossibility of the test via the standard Le 
Cam’s fuzzy hypothesis method

• Control the 𝜒𝜒2 divergence via the output vector 𝜃𝜃

Main Results (First Lower Bounds)

𝛾𝛾 is any prior on the mean 𝜇𝜇
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Main Results (First Lower Bounds)

First lower bound. If 𝜌𝜌 ≤ 𝑐𝑐 𝛼𝛼 𝑘𝑘1⋆ 1/4

N
𝜎𝜎, where 𝑐𝑐 𝛼𝛼  is a constant that only depends on 𝛼𝛼, or 𝑘𝑘1⋆ = 0, then

𝑖𝑖𝑖𝑖𝑓𝑓𝜓𝜓:ℙ𝟘𝟘 𝜓𝜓=1 ≤𝛼𝛼𝑠𝑠𝑠𝑠𝑝𝑝𝜃𝜃∈𝐾𝐾, 𝜃𝜃 ≥𝜌𝜌ℙ𝜃𝜃 𝜓𝜓 = 0 ≥ 𝛼𝛼

Remark:

• No adversary appears here?

• Classic rate ≍ 𝑑𝑑1/4

N
𝜎𝜎 (Ingster)

• One intrinsic dimensional parameter is 𝒌𝒌𝟏𝟏⋆  instead of 𝑑𝑑 for the constraint 𝐾𝐾!

• 𝑘𝑘1⋆ = 0            sup
𝜃𝜃∈𝐾𝐾

‖‖𝜃𝜃
2
≤ 1

𝑁𝑁
𝜎𝜎            the constraint 𝐾𝐾 is insufficient rich for the test!
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Main Results (Second Lower Bounds)

Why is it useful?
A special coupling between ℙ𝟎𝟎

⊗ℕ and ℙ𝜇𝜇
⊗ℕ            impossibility for a robust test!

Important lemma. Suppose 𝐗𝐗,𝐗𝐗′ ∈ ℝℕ×𝕕𝕕. Assume the laws of 𝐗𝐗,𝐗𝐗′ are 𝒰𝒰 and 𝒱𝒱, respectively. If there is a 
coupling between 𝒰𝒰 and 𝒱𝒱 such that the expectation of the Hamming distance between 𝐗𝐗 and 𝐗𝐗′ is 𝒪𝒪 𝜖𝜖𝜖𝜖 :

𝔼𝔼 𝐗𝐗,𝐗𝐗′ ∼ 𝒰𝒰,𝒱𝒱 𝑑𝑑𝐻𝐻 𝐗𝐗,𝐗𝐗′ ≲ 𝜖𝜖𝜖𝜖.

Then, there is no robust test to distinguish between 𝒰𝒰 and 𝒱𝒱 with 𝜖𝜖 contamination and small errors.

𝒰𝒰

𝒱𝒱

overlap
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Main Results (Second Lower Bounds)

High-Level Proof

• Interpolate between ℙ𝟘𝟘
⊗ℕ and 𝔼𝔼𝜇𝜇∼𝛾𝛾ℙ𝜇𝜇

⊗ℕ via a chain of optimal coupling

• Expectation of the Hamming distance            calculation of the total variance

• Bound the total variation by KL divergence

• Compute and control the KL divergence using the output vector 𝜃𝜃

Second lower bound. If 𝜌𝜌 ≲ 𝑘𝑘2⋆ 1/4 𝜖𝜖
𝑁𝑁1/4 𝜎𝜎, or 𝑘𝑘2⋆ = 0, then it is impossible to find a robust testing with 

uniformly small Type I and Type II errors. Here the omitted constant only depends on 𝛼𝛼.

𝛾𝛾 is any prior on the mean 𝜇𝜇
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Main Results (Second Lower Bounds)

Remark:

• When 𝜖𝜖 = 0: the lower bound collapses to zero

• Rate from Canonne, Narayanan, et al (2023): 𝑑𝑑
1/4 𝜖𝜖
𝑁𝑁1/4 𝜎𝜎

• Another intrinsic dimensional parameter is 𝒌𝒌2⋆!

Second lower bound. If 𝜌𝜌 ≲ 𝑘𝑘2⋆ 1/4 𝜖𝜖
𝑁𝑁1/4 𝜎𝜎, or 𝑘𝑘2⋆ = 0, then it is impossible to find a robust testing with 

uniformly small Type I and Type II errors. Here the omitted constant only depends on 𝛼𝛼.
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Main Results (Third Lower Bounds)

Third lower bound. If 𝜖𝜖 ≳ 1
𝑁𝑁

 and 𝜌𝜌 ≲ 𝜖𝜖𝜖𝜖, then it is impossible to find a robust testing with uniformly small 
Type I and Type II errors. Here the omitted constants only depend on 𝛼𝛼.

Remark:

• This lower bound comes from the counterpart estimation problem

• Irrelevant with sample size 𝑁𝑁

• The condition 𝜖𝜖 ≳ 1
𝑁𝑁

 can be safely removed (See later discussion)
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Main Results (Synthesized Lower Bounds)

Synthesized lower bound. Given the hypothesis testing problem previously formulated, the following 
condition is necessary for the existence of the desired robust testing:

𝜌𝜌critical
2 ≳ 𝜎𝜎2 max

𝑘𝑘1⋆

𝑁𝑁
, 𝜖𝜖

𝑘𝑘2⋆

𝑁𝑁
, 𝜖𝜖2

Remark:

• The first two terms involve the geometry of the constraint

• The last two terms involve the corruption process

geometric terms

corruption terms
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Main Results (Upper Bound)

The upper bound should be derived constructively

Overall roadmap: 

Design an algorithm 
that distinguishes 
between 𝐻𝐻0 and 𝐻𝐻1 
uniformly over 𝜇𝜇 and 𝒞𝒞

Find the required 
conditions for the 𝜌𝜌 
such that the algorithm 
is effective 

Obtain the upper bound 
for 𝜌𝜌critical
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Main Results (Theoretical Algorithm)

A natural motivation: conceal the influence of the adversary 𝒞𝒞

• However, 𝒞𝒞 is too powerful            not easy to work with the contaminated samples

• Our only advantage: the contamination fraction 𝜖𝜖 is known and small

samples not touched (not i.i.d. anymore!) corrupted samples (𝜖𝜖 fraction)

𝒞𝒞
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Main Results (Theoretical Algorithm)

Introduce “consistent subset”

Definition (consistent subset). A subset 𝑆𝑆 ⊂ 𝐗𝐗 = 𝑋𝑋1, … ,𝑋𝑋𝑁𝑁  is called a consistent subset regarding 𝜖𝜖 and a 
test 𝜙𝜙: 2𝑆𝑆 → 0,1  if:

(i), 𝑆𝑆 ≥ 1 − 𝜖𝜖 𝑁𝑁,
(ii), 𝜙𝜙 𝑆𝑆′ = 𝜙𝜙 𝑆𝑆  for any 𝑆𝑆′ ⊂ 𝑆𝑆 with 𝑆𝑆′ ≥ 1 − 2𝜖𝜖 𝑁𝑁.
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Main Results (Theoretical Algorithm)
Definition (consistent subset). A subset 𝑆𝑆 ⊂ 𝐗𝐗 = 𝑋𝑋1, … ,𝑋𝑋𝑁𝑁  is called a consistent subset regarding 𝜖𝜖 and a 
test 𝜙𝜙: 2𝑆𝑆 → 0,1  if:

(i), 𝑆𝑆 ≥ 1 − 𝜖𝜖 𝑁𝑁,
(ii), 𝜙𝜙 𝑆𝑆′ = 𝜙𝜙 𝑆𝑆  for any 𝑆𝑆′ ⊂ 𝑆𝑆 with 𝑆𝑆′ ≥ 1 − 2𝜖𝜖 𝑁𝑁.

Why consistent subset? It can help recover the testing result on the unobserved original samples �𝐗𝐗!

Suppose the original samples �𝐗𝐗 is consistent w.r.t. a valid test 𝜙𝜙𝑒𝑒, then:

• It is guaranteed that there exists at least one consistent subset within the observation 𝐗𝐗! (At least 𝑁𝑁 ⧵ 𝐶𝐶)

• Therefore:
𝜙𝜙𝑒𝑒 𝐗𝐗𝐒𝐒 = 𝜙𝜙𝑒𝑒 𝐗𝐗𝐒𝐒∩ 𝐍𝐍 ⧵𝐂𝐂 = 𝜙𝜙𝑒𝑒 𝐗𝐗 𝐍𝐍 ⧵𝐂𝐂 = 𝜙𝜙𝑒𝑒 �𝐗𝐗
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Main Results (Theoretical Algorithm)
Define the testing event

Testing function 𝜙𝜙𝑒𝑒 = 𝟏𝟏𝐸𝐸𝑒𝑒

• 𝐸𝐸2 𝜖𝜖,𝐾𝐾,𝑁𝑁,𝜎𝜎2  is defined as 

• 𝜙𝜙𝑒𝑒 is a valid test with small errors and �𝐗𝐗 is consistent with 𝜙𝜙𝑒𝑒 w.h.p. when ‖‖𝑃𝑃⋆𝜇𝜇 2
2 ≳ 𝐸𝐸2 𝜖𝜖,𝐾𝐾,𝑁𝑁,𝜎𝜎2

Requirement on 𝜌𝜌?
‖‖𝑃𝑃⋆𝜇𝜇 2
2 = 𝜌𝜌2 − ‖‖𝜇𝜇 − 𝑃𝑃⋆𝜇𝜇 2

2 ≥ 𝜌𝜌2 − 𝐷𝐷𝑘𝑘⋆
2 𝐾𝐾

                                                   𝜌𝜌2 ≳

approximation gap testing gap

any dimension 1 ≤ 𝑘𝑘⋆ ≤ 𝑑𝑑

optimal projection w.r.t. 𝑘𝑘⋆



WEINBERG COLLEGE OF ARTS & SCIENCES
DEPARTMENT OF STATISTICS AND DATA SCIENCE

Prospectus Presentation: Minimax Theory of Constrained Hypothesis Testing    May 20, 2026

Main Results (Theoretical Algorithm)

Theoretical upper bound. For the hypothesis testing problem previously formulated, if the following 
condition is satisfied, then there exists a test 𝜙𝜙𝑒𝑒 to distinguish between 𝐻𝐻0 and 𝐻𝐻1 with uniformly small 
errors over 𝒞𝒞 and 𝜇𝜇.

                                                                𝜌𝜌2 ≳

Corollary. Optimizing over 𝑘𝑘 in the upper bound above, we obtain the sharpest upper bound as:

                                            𝜌𝜌critical
2 ≲

where 𝑘𝑘1⋆ and 𝑘𝑘2⋆ are the first and second optimal dimensions.

Limitation: require scan of subset of 𝑿𝑿           not efficient!
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Main Results (Polynomial-time Algorithm)

From first-order statistic to second-order statistic

• The theoretical algorithm is based on the sum (first-order)

• What if we base on the covariance (second-order)

Filtering technique (Diakonikolas et al., 2016)
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Main Results (Polynomial-time Algorithm)

Filtering technique (Diakonikolas et al., 2016)

High-level steps:

• Assign each observed sample with an initial equal weight

• Detect the disturbance in the sample covariance matrix to identify suspicious sample and update the weights

• Test based on the filtered samples and weights

Contaminated samples

Prefiltering: eliminate the 
samples with unusual norm

Sample filtering: identify 
suspicious samples via 
iteratively updated weights 

Weight filtering: remove 
redundant weights

Filtered samples and weights

input

Final testing

output
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Main Results (Polynomial-time Algorithm)

Polynomial-time upper bound. For the hypothesis testing problem previously formulated, if the following 
condition is satisfied, then there exists a test 𝜙𝜙𝑒𝑒 to distinguish between 𝐻𝐻0 and 𝐻𝐻1 with uniformly small 
errors over 𝒞𝒞 and 𝜇𝜇.

                                          𝜌𝜌2 ≳

Corollary. Optimizing over 𝑘𝑘 in the upper bound above, we obtain the sharpest upper bound as:

                         𝜌𝜌critical
2 ≲

where again 𝑘𝑘1⋆ and 𝑘𝑘2⋆ are the first and second optimal dimensions.

Advantage: the filtering and testing process are finished in polynomial time!
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Main Results (Discussion)
Theorem. The synthesized lower bound, theoretical upper bound, and polynomial-time upper bound all 
match, except for a universal constant and logarithmic factors in 𝛼𝛼,𝑁𝑁, 1

𝜖𝜖
.

Information-theoretic lower bound:           𝜌𝜌𝑐𝑐2 ≳ 𝜎𝜎2 max 𝑘𝑘1⋆

𝑁𝑁
, 𝜖𝜖 𝑘𝑘2⋆

𝑁𝑁
, 𝜖𝜖2

Theoretical upper bound:      𝜌𝜌𝑐𝑐2 ≲

Polynomial upper bound:     𝜌𝜌𝑐𝑐2 ≲
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Main Results (Discussion)
Minimax rate for the constrained hypothesis testing problem with adversary:

𝜌𝜌𝑐𝑐2 ≳ 𝜎𝜎2 max
𝑘𝑘1⋆

𝑁𝑁
, 𝜖𝜖

𝑘𝑘2⋆

𝑁𝑁
, 𝜖𝜖2

• Full dimension 𝑑𝑑 does not appear --- completely replaced by 𝑘𝑘1⋆ and 𝑘𝑘2⋆!

• When 0 ≤ 𝜖𝜖 ≲ 1
𝑁𝑁

:     the first term dominates            (Free contamination phase)

• When 1
𝑁𝑁
≲ 𝜖𝜖 ≲ 𝑘𝑘2⋆

𝑁𝑁
: the second term dominates       (Balance phase)

• When 𝜖𝜖 ≳ 𝑘𝑘2⋆

𝑁𝑁
:          the third term dominates           (Overly contaminated phase)
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Free contamination phase

Main Results (Discussion)
Minimax rate for the constrained hypothesis testing problem with adversary:

 𝜌𝜌𝑐𝑐2 ≳ 𝜎𝜎2 max 𝑘𝑘1⋆

𝑁𝑁
, 𝜖𝜖 𝑘𝑘2⋆

𝑁𝑁
, 𝜖𝜖2

𝜌𝜌critical
2

𝜖𝜖𝑂𝑂 𝑘𝑘2⋆

𝑁𝑁

1
𝑁𝑁

Balance phase

Overly contaminated phase
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Experiment
Experiment settings

• i.i.d. samples �𝐗𝐗 ≔ �X1 , … ,�XN  from 𝒩𝒩 𝜇𝜇, 𝐈𝐈𝐝𝐝

• Constraint 𝜇𝜇 ∈ 𝐾𝐾𝑒𝑒 ≔ 𝑣𝑣 𝑣𝑣 ∈ ℝ𝕕𝕕,∑𝑖𝑖=1𝑛𝑛 𝑣𝑣𝑖𝑖
2

𝑎𝑎𝑖𝑖
≤ 1,𝑎𝑎𝑖𝑖 = 𝑑𝑑 ⋅ 𝑖𝑖−2

Configuration for the parameters:

• Classical settings:               𝑁𝑁,𝑑𝑑, 𝜖𝜖 ∈ 200,2000 × 5,10,20,50 × 0.01,0.015,0.02,0.025

• High-dimensional settings: 𝑁𝑁,𝑑𝑑, 𝜖𝜖 ∈ 100,500  × 100,500  × 0.01,0.015,0.02,0.025
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Experiment
Experiment settings

Configuration for the adversary 𝒞𝒞:

𝐾𝐾𝑒𝑒

�𝐗𝐗

ℝ𝕕𝕕

𝜇𝜇0
𝐗𝐗𝐂𝐂

𝐾𝐾𝑒𝑒

�𝐗𝐗

ℝ𝕕𝕕

𝜇𝜇

𝐗𝐗𝐂𝐂

𝟎𝟎

𝟎𝟎

𝐻𝐻0

𝐻𝐻1
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Experiment
Experiment results (classic scenario)
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Experiment
Experiment results (high-dimensional scenario)
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Experiment
Discussion

• The algorithm performs reasonably well across different parameter 
configurations

• The strategy of the adversary is effective

• The algorithm is less sensitive to 𝒅𝒅 as 𝒅𝒅 increases

[5,10,20,50] [5,9,10,12]

• The algorithm is less sensitive to 𝜖𝜖 as 𝑁𝑁 increases

min{𝑘𝑘1⋆,𝑘𝑘2⋆}
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Summary
Conclusions & Takeaways

• Hypothesis testing problem with adversary and constraints

• Information-theoretic lower bounds

• Theoretical and polynomial-time algorithms

• Computational efficiency

𝐾𝐾

𝜌𝜌

𝜇𝜇
�𝐗𝐗

ℝ𝕕𝕕

𝐗𝐗
𝒞𝒞
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Summary
Open problems and possible future directions

• Kolmogorov width approximations (currently working)

• Imprecise 𝐻𝐻0 (Kania, et al., 2025)

𝐻𝐻0: ‖‖𝜇𝜇 2 ≤ 𝜌𝜌0
𝐻𝐻1: ‖‖𝜇𝜇 2 ≥ 𝜌𝜌1

• ℓ𝑝𝑝 norm separation (𝑝𝑝 ≥ 2) (𝜒𝜒𝑝𝑝 test)

• More general constraints (Convex? Star-shaped? …?)

𝐾𝐾

𝜌𝜌

𝜇𝜇
�𝐗𝐗

ℝ𝕕𝕕

𝐗𝐗
𝒞𝒞

𝐻𝐻0

𝐻𝐻1
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Thank you!
Q & A



WEINBERG COLLEGE OF ARTS & SCIENCES
DEPARTMENT OF STATISTICS AND DATA SCIENCE

Prospectus Presentation: Minimax Theory of Constrained Hypothesis Testing    May 20, 2026

Appendix (𝝎𝝎-regularity)

Definition. Given a weight vector 𝜔𝜔 = 𝜔𝜔1, … ,𝜔𝜔𝑁𝑁 ∈ ℝℕ and any 1 ≤ 𝑘𝑘⋆ ≤ 𝑑𝑑, samples 𝐘𝐘 ∈ ℝℕ×𝕕𝕕 is said 
to be 𝜖𝜖,𝛽𝛽1,𝛽𝛽2 -regular if for all subsets 𝑆𝑆 ∈ 𝑁𝑁  with 𝑆𝑆 ≤ 𝜖𝜖𝜖𝜖, we have:

(i), ∑𝑖𝑖∈𝑆𝑆 𝑌𝑌𝑖𝑖 2
2 − 𝑆𝑆 𝑘𝑘⋆ ≤ 𝑐𝑐𝛽𝛽1;

(ii), ∑𝑖𝑖∈𝑆𝑆 𝜔𝜔𝑖𝑖𝑌𝑌𝑖𝑖 2
2 − 𝜔𝜔𝑆𝑆 1𝑘𝑘⋆ ≤ 𝑐𝑐𝛽𝛽2;

(iii), ∑𝑖𝑖∈𝑆𝑆 𝜔𝜔𝑖𝑖𝑌𝑌𝑖𝑖 ,∑𝑗𝑗∈ 𝑁𝑁 𝜔𝜔𝑗𝑗𝑌𝑌𝑗𝑗 − ��𝜔𝜔𝑆𝑆 1𝑘𝑘
⋆ ≤ 𝑐𝑐 𝑁𝑁𝛽𝛽1

where 𝜔𝜔𝑆𝑆 ∈ ℝℕ means the truncated 𝜔𝜔 on the subset 𝑆𝑆 (fill truncated entries with zero).
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Appendix (prefiltering, sample filtering, and weight filtering)
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Appendix (prefiltering, sample filtering, and weight filtering)
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Appendix (prefiltering, sample filtering, and weight filtering)
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Appendix (prefiltering, sample filtering, and weight filtering)
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Appendix (alternative strategy for 𝓒𝓒)
𝐾𝐾𝑒𝑒

�𝐗𝐗

ℝ𝕕𝕕

𝜇𝜇0
𝐗𝐗𝐂𝐂

𝐾𝐾𝑒𝑒

�𝐗𝐗

ℝ𝕕𝕕

𝜇𝜇

𝐗𝐗𝐂𝐂

𝟎𝟎

𝟎𝟎

𝐻𝐻0

𝐻𝐻1
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Experiment
Limitations

• Unable to verify the match between the lower and upper bounds

• Optimality of the adversary?
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Main Results (Theoretical Algorithm)
Definition (consistent subset). A subset 𝑆𝑆 ⊂ 𝐗𝐗 = 𝑋𝑋1, … ,𝑋𝑋𝑁𝑁  is called a consistent subset regarding 𝜖𝜖 and a 
test 𝜙𝜙: 2𝑆𝑆 → 0,1  if:

(i), 𝑆𝑆 ≥ 1 − 𝜖𝜖 𝑁𝑁,
(ii), 𝜙𝜙 𝑆𝑆′ = 𝜙𝜙 𝑆𝑆  for any 𝑆𝑆′ ⊂ 𝑆𝑆 with 𝑆𝑆′ ≥ 1 − 2𝜖𝜖 𝑁𝑁.

Motivation: consistent subset can help recover the testing result on the unobserved original samples!
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What is Minimax Theory and Risk?

In the worst case, we will…

We interact with the general environment.
• Our decision or action yields rewards, penalties, etc

The randomness exists extensively.
• The response is not fixed

How to measure our performance?
• Model the response with a distribution, and 
calculate the average (Bayes risk)
• Only evaluate from the worst case (minimax risk)

Bayes risk (Expectation)

Minimax risk (worst case)
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Minimax risk is ubiquitous in real-world applications.

Source: https://www.tesla.com/fsd/safety

Robust Control

• LQR controller: noise is well-behaved and predictable

• Robust control (𝐻𝐻∞ control): zero-sum game with nature

• Nature's goal: find worst-case disturbance (wind, friction 
loss, sensor noise) that will maximize system’s error.

• Our goal: design a control policy that minimizes the 
system's error, even when Nature plays its best move.

• Example: Autonomous driving, aerospace and flight 
control, etc.
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Robust Finance

• Should we assume that the market has some “desired” 
properties, or its behaviors can be very “wild”? 

• The famous Black-Scholes model assumes that the 
volatility 𝜎𝜎 of a stock is constant and known. If volatility 
spikes unexpectedly, this can be disastrous

• In contrast, modern derivative dealers assume volatility is  
unknown but bounded within a range [𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚,𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚]. We 
want to find a dynamic hedging strategy that minimizes the 
maximum possible hedging Source: https://www.americanprogress.org/article/think-

again-the-crisis-from-nowhere/

Minimax risk is ubiquitous in real-world applications.

https://www.americanprogress.org/article/think-again-the-crisis-from-nowhere/
https://www.americanprogress.org/article/think-again-the-crisis-from-nowhere/
https://www.americanprogress.org/article/think-again-the-crisis-from-nowhere/
https://www.americanprogress.org/article/think-again-the-crisis-from-nowhere/
https://www.americanprogress.org/article/think-again-the-crisis-from-nowhere/
https://www.americanprogress.org/article/think-again-the-crisis-from-nowhere/
https://www.americanprogress.org/article/think-again-the-crisis-from-nowhere/
https://www.americanprogress.org/article/think-again-the-crisis-from-nowhere/
https://www.americanprogress.org/article/think-again-the-crisis-from-nowhere/
https://www.americanprogress.org/article/think-again-the-crisis-from-nowhere/
https://www.americanprogress.org/article/think-again-the-crisis-from-nowhere/
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Minimax risk is ubiquitous in real-world applications.

Generative Adversarial Network (GAN) 

• Introduced by Ian Goodfellow et al. in 2014, GAN is a landmark in 
generative artificial intelligence

• The generator learns to generate plausible data from pure noise to mimic 
the real data

• The discriminator learns to distinguish between the real data and fake data

• 𝐦𝐦𝐦𝐦𝐦𝐦
𝐺𝐺

𝐦𝐦𝐦𝐦𝐦𝐦
𝐷𝐷

𝑉𝑉 𝐷𝐷,𝐺𝐺 = 𝔼𝔼𝕩𝕩∼𝕡𝕡𝕕𝕕𝕕𝕕𝕕𝕕𝕕𝕕 log𝐷𝐷 𝑥𝑥 + 𝔼𝔼𝕫𝕫∼𝕡𝕡𝕫𝕫 log 1 − 𝐷𝐷 𝐺𝐺 𝑧𝑧

Generator Real distribution

Sample Sample

Noise

Discriminator

Generator loss Discriminator loss

Source: https://developers.google.com/machine-
learning/gan/gan_structure
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